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Àííîòàöèÿ
Â íàñòîÿùåå âðåìÿ â ðàçëè÷íûå îáëàñòè òåõíèêè øèðîêî âíåäðÿþòñÿ Ôóíêöèîíàëüíî-
ãðàäèåíòíûå ìàòåðèàëû (FGM). FGM  íåîäíîðîäíûå ìàòåðèàëû, ïîçâîëÿþùèå îïòèìè-
çèðîâàòü ñëîæíûå êîíñòðóêöèè. Ýåêòèâíîñòü ïðèìåíåíèÿ òàêèõ ìàòåðèàëîâ çàâèñèò
îò çíàíèÿ òî÷íûõ çàêîíîâ íåîäíîðîäíîñòè. àíåå àâòîðàìè áûë ïðåäëîæåí ïîäõîä ïî ðå-
øåíèþ êîýèöèåíòíûõ îáðàòíûõ çàäà÷ òåðìîóïðóãîñòè äëÿ ñòåðæíÿ. Â äàííîé ðàáîòå
ýòîò ïîäõîä ðàñïðîñòðàíåí íà ðåøåíèå çàäà÷è äëÿ öèëèíäðà. Ïðÿìàÿ çàäà÷à äëÿ öè-
ëèíäðà ðåøåíà íà îñíîâå ñîâìåñòíîãî èñïîëüçîâàíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà è ìåòîäà
ïðèñòðåëêè. Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è íà îñíîâå ñîîòíîøåíèÿ âçàèìíîñòè ïîëó÷åíû
îïåðàòîðíûå ñîîòíîøåíèÿ, óñòàíàâëèâàþùèå âçàèìîñâÿçü ìåæäó èñêîìûìè è èçìåðÿå-
ìûìè õàðàêòåðèñòèêàìè. Ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû è ïðåäñòàâëåí èõ
àíàëèç.
Êëþ÷åâûå ñëîâà: óíêöèîíàëüíî-ãðàäèåíòíûå ìàòåðèàëû, îáðàòíàÿ çàäà-
÷à, òåðìîóïðóãîñòü, ñòåðæåíü, öèëèíäð
1. Ââåäåíèå
Äëÿ àíàëèçà ïðî÷íîñòè ðàçëè÷íûõ ýëåìåíòîâ êîíñòðóêöèé ÷àñòî ïðèõîäèò-
ñÿ ðåøàòü çàäà÷è, ñâÿçàííûå ñ íàõîæäåíèåì ïîëåé òåìïåðàòóðû è íàïðÿæåíèé
â ðàìêàõ ìîäåëè ëèíåéíîé òåðìîóïðóãîñòè. Ìíîãèå ãîäû òàêèå ðàñ÷åòû ïðîâî-
äèëèñü äëÿ îäíîðîäíûõ è ñëîèñòûõ ìàòåðèàëîâ. Îäíàêî øèðîêîå âíåäðåíèå â
òåõíèêó òåðìîóïðóãèõ óíêöèîíàëüíî-ãðàäèåíòíûõ ìàòåðèàëîâ [1, 2℄ ïîòðåáîâà-
ëî ñîâåðøåíñòâà ìàòåìàòè÷åñêèõ ìîäåëåé, îïèñûâàþùèõ ïîâåäåíèå ýòèõ ìàòå-
ðèàëîâ. Â òàêèõ ìîäåëÿõ êîýèöèåíòû äèåðåíöèàëüíûõ îïåðàòîðîâ òåðìî-
óïðóãîñòè íå ÿâëÿþòñÿ êîíñòàíòàìè, à çàâèñÿò îò êîîðäèíàò. Ïðàêòè÷åñêàÿ öåí-
íîñòü óíêöèîíàëüíî-ãðàäèåíòíûõ ìàòåðèàëîâ çàâèñèò îò çíàíèÿ òî÷íûõ çàêîíîâ
íåîäíîðîäíîñòè. Â ñâÿçè ñ ýòèì àêòóàëüíûì ÿâëÿåòñÿ ðàçðàáîòêà ìåòîäîâ èäåí-
òèèêàöèè õàðàêòåðèñòèê íåîäíîðîäíûõ òåðìîóïðóãèõ òåë, ò.å. ðåøåíèå êîý-
èöèåíòíûõ îáðàòíûõ çàäà÷ òåðìîóïðóãîñòè äëÿ FGM. Ê íàñòîÿùåìó âðåìåíè
íàêîïëåí äîñòàòî÷íî áîëüøîé îïûò èññëåäîâàíèÿ îáðàòíûõ çàäà÷ òåïëîïðîâîäíî-
ñòè è òåîðèè óïðóãîñòè,êîòîðûé äîñòàòî÷íî ïîëíî èçëîæåí â ìîíîãðàèÿõ [3, 4℄.
Îáû÷íî íà ïðàêòèêå èññëåäîâàíèå îáðàòíûõ çàäà÷ ñâîäèòñÿ ê ðåøåíèþ ñîîòâåò-
ñòâóþùèõ ýêñòðåìàëüíûõ çàäà÷ [3, 5℄. Äëÿ ýòîãî ââîäèòñÿ íåêâàäðàòè÷íûé óíê-
öèîíàë íåâÿçêè, êîòîðûé ìèíèìèçèðóåòñÿ â êîíå÷íîìåðíîì ïîäïðîñòðàíñòâå ïðè
ïîìîùè ãðàäèåíòíûõ ìåòîäîâ. Ñëåäóåò ó÷åñòü, ÷òî èñïîëüçîâàíèå ãðàäèåíòíûõ ìå-
òîäîâ ìèíèìèçàöèè òðåáóåò ñóùåñòâåííûõ çàòðàò ìàøèííîãî âðåìåíè è îáëàäàåò
ðÿäîì äðóãèõ íåäîñòàòêîâ, ïîýòîìó ïîèñê àëüòåðíàòèâíûõ ìåòîäîâ ðåøåíèÿ ïðî-
äîëæàåòñÿ. Íåáîëüøîå êîëè÷åñòâî ðàáîò ïî èññëåäîâàíèþ ÊÎÇ òåðìîóïðóãîñòè
[5, 6, 7℄ ñâÿçàíî ñ òåì, ÷òî äèåðåíöèàëüíûå óðàâíåíèÿ òåðìîóïðóãîñòè íå îòíî-
ñÿòñÿ íè ê ïàðàáîëè÷åñêîìó, íè ê ãèïåðáîëè÷åñêîìó òèïó. Îäíàêî â ðÿäå ðàáîò
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[8, 9℄ íà îñíîâå ïðèìåíåíèÿ îáîáùåííîãî ñîîòíîøåíèÿ âçàèìíîñòè è ìåòîäà ëè-
íåàðèçàöèè áûëè ïîëó÷åíû îïåðàòîðíûå óðàâíåíèÿ äëÿ ðåøåíèÿ çàäà÷ ìåõàíèêè
ñâÿçàííûõ ïîëåé, â ò.÷. òåðìîóïðóãîñòè. Òàê â [9℄ áûëè ïîëó÷åíû ëèíåàðèçîâàí-
íûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà 1-ãî ðîäà äëÿ íàõîæäåíèÿ ïîïðàâîê âîñ-
ñòàíàâëèâàåìûõ òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê äëÿ ñòåðæíÿ è ïðîâåäåíû âû-
÷èñëèòåëüíûå ýêñïåðèìåíòû ïî èõ âîññòàíîâëåíèþ. Ñóùåñòâåííî âàæíî îáîáùèòü
ýòîò ïîäõîä íà ðåøåíèå îáðàòíûõ çàäà÷ òåðìîóïðóãîñòè äëÿ òåë áîëåå ñëîæíîé
ãåîìåòðèè, íàïðèìåð, äëÿ öèëèíäðà. Ýòî îñîáåííî âàæíî äëÿ ïðàâèëüíîãî ïîñòðî-
åíèÿ íåðàçðóøàþùåãî êîíòðîëÿ òðóáîïðîâîäîâ èç FGM. Â äàííîé ðàáîòå ñíà÷àëà
ïðèâîäèòñÿ ïîñòàíîâêà è ðåøåíèå çàäà÷è äëÿ ñòåðæíÿ. Ïðè ýòîì â îòëè÷èå îò
ðàíåå ïðîâåäåííûõ èñëåäîâàíèé [9℄ âîññòàíàâëèâàþòñÿ çàêîíû íåîäíîðîäíîñòè ñ
áîëüøèì èçìåíåíèåì óíêöèé â îêðåñòíîñòè öåíòðà ñòåðæíÿ. Çàòåì ïðèâîäèòñÿ
ïîñòàíîâêà è ðåøåíèå çàäà÷è äëÿ öèëèíäðà. ïðÿìàÿ çàäà÷à äëÿ öèëèíäðà ïîñëå
îáåçðàçìåðèâàíèÿ è ïðåîáðàçîâàíèÿ Ëàïëàñà ðåøàåòñÿ ìåòîäîì ïðèñòðåëêè. Îá-
ðàùåíèå ïîëó÷åííûõ ðåøåíèé â òðàíñîðìàíòàõ îñóùåñòâëÿåòñÿ ìåòîäîì Äóðáè-
íà. Îáðàòíàÿ çàäà÷à íà îñíîâå îáîáùåííîãî ñîîòíîøåíèÿ âçàèìíîñòè ñâîäèòñÿ ê
ïîýòàïíîìó ðåøåíèþ ñîîòâåòñòâóþùåãî èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà 1-
ãî ðîäà. Ïðîâåäåí ðÿä âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ. Äàíû ðåêîìåíäàöèè äëÿ
ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ ïðåäëîæåííîãî ïîäõîäà.
2. Çàäà÷à òåðìîóïðóãîñòè äëÿ ñòåðæíÿ
Â êà÷åñòâå ïåðâîãî ïðèìåðà ðàññìîòðèì îäíîìåðíóþ çàäà÷ó î ïðîäîëüíûõ êî-
ëåáàíèÿõ íåîäíîðîäíîãî òåðìîóïðóãîãî ñòåðæíÿ äëèíû l ïîä äåéñòâèåì ïðèëî-
æåííîé ê òîðöó x = l ñèëû F = p0λ(t) . Íà÷àëüíî  êðàåâàÿ çàäà÷à èìååò âèä
[9℄:
∂σx
∂x
= ρ(x)
∂2u
∂t2
, (1)
σx = E(x)
∂u
∂x
− γ(x)θ, (2)
∂
∂x
(k(x)
∂θ
∂x
) = c(x)
∂θ
∂t
+ T0γ(x)
∂2u
∂x∂t
, (3)
θ(0, t) = u(0, t) = 0,
∂θ
∂x
(l, t) = 0, σx(l, t) = p0λ(t), (4)
θ(x, 0) = u(x, 0) =
∂u
∂t
(x, 0) = 0, (5)
Ïåðåéäåì â (1)-(5) ê áåçðàçìåðíûì ïàðàìåòðàì è ïåðåìåííûì, îáîçíà÷àÿ:
z = x
l
, z ∈ [0, 1], k¯(z) = k(zl)
k0
, c¯(z) = c(zl)
c0
, ρ¯(z) = ρ(zl)
ρ0
, E¯(z) = E(zl)
E0
,
γ¯(z) = γ(zl)
γ0
, t1 =
l2c0
k0
, t2 = l
√
ρ0
E0
, τ = t
t2
, W = γ0θ
E0
, U = u
l
, Ω = σx
E0
,
δ =
γ20T0
c0E0
, ε = t2
t1
= k0
c0l
√
ρ0
E0
, µ = p0
E0
, k0 = max
x∈[0,l]
k(x), c0 = max
x∈[0,l]
c(x),
E0 = max
x∈[0,l]
E(x), ρ0 = max
x∈[0,l]
ρ(x), γ0 = max
x∈[0,l]
γ(x). (6)
Îáåçðàçìåðåííàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à ïðèìåò âèä:
∂Ω
∂z
= ρ¯(z)
∂2U
∂τ2
, (7)
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Ω = E¯(z)
∂U
∂z
− γ¯(z)W, (8)
ε
∂
∂z
(k¯(z)
∂W
∂z
) = c¯(z)
∂W
∂τ
+ δγ¯(z)
∂2U
∂z∂τ
(9)
U(0, τ) = W (0, τ) = 0,
∂W
∂z
(1, τ) = 0, Ω(1, τ) = µλ(τ), (10)
W (z, 0) = U(z, 0) =
∂U
∂τ
(z, 0) = 0. (11)
Äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è ïðèìåíÿåòñÿ ìåòîä ñâåäåíèÿ ê ñèñòåìå èíòåãðàëüíûõ
óðàâíåíèé Ôðåäãîëüìà 2-ãî ðîäà â òðàíñîðìàíòàõ ïî Ëàïëàñó. Äëÿ ýòîãî â [9℄ áû-
ëè ïîëó÷åíû èíòåãðàëüíûå óðàâíåíèÿ îòíîñèòåëüíî òðàíñîðìàíò áåçðàçìåðíîé
òåìïåðàòóðû W˜ (z, p) è íàïðÿæåíèÿ Ω˜(z, p) :
W˜ (z, p) =
1∫
0
K1(z, ξ, p)W˜ (ξ, p)dξ +
1∫
0
K2(z, ξ, p)Ω˜(ξ, p)dξ + f1(p), (12)
Ω˜(z, p) =
1∫
0
K3(z, ξ, p)W˜ (ξ, p)dξ +
1∫
0
K4(z, ξ, p)Ω˜(ξ, p)dξ. (13)
Çäåñü ÿäðà ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé è ïðàâàÿ ÷àñòü èìåþò âèä:
K1(z, ξ, p) = −
p
ε
(c¯(ξ) + δ γ¯
2(ξ)
E¯(ξ)
)
min{z,η}∫
0
dη
k¯(η)
, K2(z, ξ, p) = −
p
ε
δ
γ¯(ξ)
E¯(ξ)
min{z,η}∫
0
dη
k¯(η)
,
K3(z, ξ, p) = −p
2 γ¯(ξ)
E¯(ξ)
1∫
min{z,η}
ρ¯(η)dη , K4(z, ξ, p) = −p
2 1
E¯(η)
1∫
min{z,η}
ρ¯(η)dη , f1(p) =
−µλ˜(p) .
åøåíèå ñèñòåìû (12)-(13) ïðîâîäèëîñü íà îñíîâå ìåòîäà êîëëîêàöèé ñ èñïîëü-
çîâàíèåì êâàäðàòóðíîé îðìóëû òðàïåöèé. Äëÿ íàõîæäåíèÿ îðèãèíàëîâ òåìïåðà-
òóðû è íàïðÿæåíèÿ â ðàáîòå ïðèìåíÿëàñü òåîðèÿ âû÷åòîâ.
3. Çàäà÷à òåðìîóïðóãîñòè äëÿ öèëèíäðà
Â êà÷åñòâå âòîðîãî ïðèìåðà èññëåäóåì îäíîìåðíóþ çàäà÷ó î ðàäèàëüíûõ êîëå-
áàíèÿõ íåîäíîðîäíîãî äëèííîãî ïîëîãî öèëèíäðà. àññìîòðèì äëèííûé öèëèíäð,
ó êîòîðîãî ðàäèóñû íàðóæíîé è âíóòðåííåé öèëèíäðè÷åñêîé ïîâåðõíîñòè ñîîò-
âåòñòâåííî ðàâíû b è a . Ïóñòü êîëåáàíèÿ öèëèíäðà âûçûâàþòñÿ äåéñòâèåì ðàâ-
íîìåðíî ðàñïðåäåëåííîé íàãðóçêè (ìåõàíè÷åñêîé èëè òåïëîâîé), ïðèëîæåííîé íà
âíåøíåé ãðàíèöå r = b . Èç ñèììåòðè÷íîñòè íàãðóçêè è ãåîìåòðèè îáëàñòè ñëåäóåò,
÷òî èç êîìïîíåíò ïîëÿ ïåðåìåùåíèÿ îòëè÷íîé îò íóëÿ ÿâëÿåòñÿ òîëüêî ðàäèàëüíàÿ
êîìïîíåíòà, êîòîðàÿ åñòü óíêöèÿ ðàäèóñà: ur = u(r) , uϕ = uz = 0 . Íà÷àëüíî 
êðàåâàÿ çàäà÷à â ñëó÷àå òåïëîâîé íàãðóçêè èìååò âèä [10℄:
σrr = (λ + 2µ)
∂u
∂r
+ λ
u
r
− γθ, (14)
σϕϕ = λ
∂u
∂r
+ (λ+ 2µ)
u
r
− γθ, (15)
∂σrr
∂r
+
σrr − σϕϕ
r
= ρ
∂2u
∂t2
, (16)
1
r
∂
∂r
(k(r)r
∂θ
∂r
) = cε(r)
∂θ
∂t
+ T0γ(r)(
∂2u
∂r∂t
+
1
r
∂u
∂t
), (17)
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θ(r, 0) = u(r, 0) =
∂u
∂t
(r, 0) = 0, (18)
σrr(a, t) = σrr(b, t) = q(a, t) = 0, q(b, t) = q0ϕ(t). (19)
Ïîñëå îáåçðàçìåðèâàíèÿ, âûïîíåííîãî àíàëîãè÷íî çàäà÷å äëÿ ñòåðæíÿ ïðÿìàÿ çà-
äà÷à äëÿ öèëèíäðà ðåøàåòñÿ ìåòîäîì ïðèñòðåëêè. Äëÿ ýòîãî ïîñëå ïðèìåíåíèÿ
ïðåîáðàçîâàíèÿ Ëàïëàñà ê îáåçðàçìåðåííîé êðàåâîé çàäà÷å ïîñëå íåêîòîðûõ ïðå-
îáðàçîâàíèé ïîëó÷àþò ñèñòåìó îáûêíîâåííûõ äèåðåíöèàëüíûõ óðàâíåíèé 1-ãî
ïîðÿäêà âèäà:
X˜ ′ = AX˜ (20)
Ïîèñê ðåøåíèÿ ñèñòåìû (20) îñóùåñòâëÿåòñÿ â âèäå:
X˜ = α1X˜
(1) + α2X˜
(2) + X˜() (21)
Çäåñü X˜(1) , X˜(2)  ðåøåíèÿ çàäà÷ Êîøè ñ ðàçíûìè ãðàíè÷íûìè óñëîâèÿìè íà
âíóòðåííåé ïîâåðõíîñòè öèëèíäðà. Ïîñòîÿííûå α1 è α2 íàõîäÿò èç ðåøåíèÿ ñè-
ñòåìû äâóõ óðàâíåíèé, ïðè êîòîðîé óäîâëåòâîðÿþòñÿ çàäàííûå ãðàíè÷íûå óñëîâèÿ
íà âíåøíåé ïîâåðõíîñòè öèëèíäðà.
Äëÿ íàõîæäåíèÿ îðèãèíàëîâ óíêöèé ïî èõ òðàíñîðìàíòàì íóæíî ïðèìåíèòü
îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà, ò.å. âû÷èñëèòü êîíòóðíûé èíòåãðàë:
F (t) =
1
2pii
a+i∞∫
a−i∞
F˜ (p)eptdp, (22)
ãäå èíòåãðàë áåðåòñÿ âäîëü ïðÿìîé Rep = a ≥ a0 .
Ïîäñòàâèâ â (22) dp = idω , p = a+ iω , ïîëó÷èì: F (0) = 1
pi
∞∫
0
Re(F˜ (a+ iω))dω ,
F (t) = e
at
pi
∞∫
0
(Re(F˜ (a+ iω)) cosωt− Im(F˜ (a+ iω)) sinωt)dω , t > 0 .
Â 1974 ã. Durbin F. [11℄ ðàçðàáîòàë ÷èñëåííûé ìåòîä äëÿ âû÷èñëåíèÿ òàêèõ
èíòåãðàëîâ íà îñíîâå ïðåäñòàâëåíèÿ:
F (t) ≈ 2e
at
T
(− 12Re(F˜ (a)) +
∞∑
k=0
(Re(F˜ (a+ i 2pik
T
)) cos(k 2pit
T
)−
−Im(F˜ (a+ i 2pik
T
)) sin(k 2pit
T
))).
(23)
Ýòîò ìåòîä äàåò õîðîøèå ðåçóëüòàòû äëÿ êîðîòêîãî âðåìåííîãî èíòåðâàëà.
4. åøåíèå îáðàòíûõ çàäà÷ òåðìîóïðóãîñòè
Â îáðàòíîé çàäà÷å òåðìîóïðóãîñòè òðåáóåòñÿ îïðåäåëèòü îäíó èç òåðìîìåõà-
íè÷åñêèõ õàðàêòåðèñòèê ïðè èçâåñòíûõ îñòàëüíûõ ïî íåêîòîðîé äîïîëíèòåëüíîé
èíîðìàöèè î èçè÷åñêèõ ïîëÿõ, èçâåñòíûõ íà ÷àñòè ãðàíèöû òåëà. Íàïðèìåð, â
ñëó÷àå ïðîäîëüíûõ êîëåáàíèé ñòåðæíÿ, â êà÷åñòâå äîïîëíèòåëüíîé èíîðìàöèè
âûñòóïàåò ëèáî òîðöåâîå ñìåùåíèå:
U(1, τ) = g(τ), τ ∈ [a, b] , (24)
ëèáî òîðöåâàÿ òåìïåðàòóðà:
W (1, τ) = f(τ), τ ∈ [c, d] . (25)
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Äëÿ ðåøåíèÿ îáðàòíûõ çàäà÷ òåðìîóïðóãîñòè äëÿ ñòåðæíÿ è öèëèíäðà âîñïîëüçó-
åìñÿ îïåðàòîðíûìè óðàâíåíèÿìè, ïîëîó÷åííûìè ðàíåå â ðàáîòàõ [8, 9℄ ïðè ïîìîùè
îáîáùåííîãî ñîîòíîøåíèÿ âçàèìíîñòè è ìåòîäà ëèíåàðèçàöèè. Òàê äëÿ íàõîæ-
äåíèÿ ïîïðàâîê ê êîýèöèåíòó òåïëîïðîâîäíîñòè ñòåðæíÿ δk¯(n−1) ïðè çàêîíå
íàãðóæåíèÿ ϕ(τ) = H(τ) ïîëó÷åíî èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 1-ãî ðîäà:
1∫
0
δk¯(n−1)R1(z, τ)dz = f(τ) −W
(n−1)(1, τ), τ ∈ [c, d] , (26)
ãäå ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (26) èìååò âèä:
R1(z, τ) =
τ∫
0
∂2W (n−1)(z,τ1)
∂z∂τ1
∂W (n−1)(z,τ1−τ)
∂z
dτ1 .
Äëÿ íàõîæäåíèÿ ïîïðàâîê ê ìîäóëþ Þíãà ñòåðæíÿ δE¯(n−1)(z) ïðè çàêîíå íà-
ãðóæåíèÿ λ(τ) = H(τ) ïîëó÷åíî èíòåãðàëüíîå óðàâíåíèå:
1∫
0
δE¯(n−1)R2(z, τ)dz = µ(g(τ)− U
(n−1)(1, τ)), τ ∈ [a, b] . (27)
åøåíèå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà 1-ãî ðîäà âèäà (26), (27) ÿâëÿ-
åòñÿ íåêîððåêòíîé çàäà÷åé, äëÿ åå ðåãóëÿðèçàöèè â ðàáîòå ïðèìåíÿëñÿ ìåòîä
À.Í.Òèõîíîâà [12℄.
Â ðàáîòå íàòóðíûé ýêñïåðèìåíò áûë çàìåíåí âû÷èñëèòåëüíûì. Áåçðàçìåðíûå
òåðìîìåõàíè÷åñêèå õàðàêòåðèñòèêè ñòåðæíÿ è öèëèíäðà a¯(z) âîññòàíàâëèâàëèñü â
äâà ýòàïà. Íà ïåðâîì ýòàïå îïðåäåëÿëîñü íà÷àëüíîå ïðèáëèæåíèå â êëàññå ïîëîæè-
òåëüíûõ îãðàíè÷åííûõ ëèíåéíûõ óíêöèé a¯(0)(z) = kz+b íà îñíîâå ìèíèìèçàöèè
óíêöèîíàëà íåâÿçêè, êîòîðûé â ñëó÷àå òåïëîâîãî íàãðóæåíèÿ èìååò âèä:
J1 =
d∫
c
(f(τ) −W (n−1)(1, τ))2dτ, (28)
à â ñëó÷àå ìåõàíè÷åñêîãî íàãðóæåíèÿ åãî âèä áóäåò:
J2 =
b∫
a
(g(τ)− U (n−1)(1, τ))2dτ, (29)
Íà âòîðîì ýòàïå íà îñíîâå ðåøåíèÿ ñîîòâåòñòâóþùèõ èíòåãðàëüíûõ óðàâíå-
íèé Ôðåäãîëüìà 1-ãî ðîäà âèäà (26), (27) íàõîäèëèñü ïîïðàâêè ðåêîíñòðóèðóå-
ìûõ óíêöèé, è ñòðîèëñÿ èòåðàöèîííûé ïðîöåññ èõ óòî÷íåíèÿ ïî ñõåìå a¯(n)(z) =
a¯(n−1)(z) + δa¯(n−1)(z) . Âûõîä èç èòåðàöèîííîãî ïðîöåññà îñóùåñòâëÿëñÿ ïî äîñòè-
æåíèè ïîðîãîâîãî çíà÷åíèÿ ñîîòâåòñòâóþùåãî óíêöèîíàëà íåâÿçêè (28), (29) ðàâ-
íîãî 10−6 .
5. åçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ
Â ðàáîòå áûëè ïðîâåäåíû äâå ñåðèè ýêñïåðèìåíòîâ ïî âîññòàíîâëåíèþ òåð-
ìîìåõàíè÷åñêèõ õàðàêòåðèñòèê öèëèíäðà è ñòåðæíÿ. Âû÷èñëèòåëüíûå ýêñïåðè-
ìåíòû ïðîâîäèëèñü ïðè çíà÷åíèÿõ ïàðàìåòðîâ ε = 10−6 , µ = 0.1 , δ = 0.05 .
Íàéäåíû èíîðìàòèâíûå âðåìåííûå èíòåðâàëû äëÿ èçìåðåíèÿ âõîäíîé èíîð-
ìàöèè. Âûÿñíåíî, ÷òî èçìåðåíèå òåìïåðàòóðû íàèáîëåå èíîðìàòèâíî íà èíòåð-
âàëå [c, d] = [0, 0.5] è 5 òî÷êàõ íàáëþäåíèÿ âíóòðè íåãî, à èçìåðåíèå ñìåùåíèÿ íà
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èíòåðâàëå [a, b] = [0, 1] è 6 òî÷êàõ íàáëþäåíèÿ âíóòðè íåãî. Îêàçàëîñü, ÷òî äëÿ
äîñòèæåíèÿ ïîðîãîâîãî çíà÷åíèÿ â ñîîòâåòñòâóþùèõ óíêöèîíàëàõ íåâÿçêè òðå-
áóåòñÿ, êàê ïðàâèëî, 312 èòåðàöèé. Â ñëó÷àå èäåíòèèêàöèè õàðàêòåðèñòèê ïðè
íåáîëüøîì ãðàäèåíòå óíêöèè ïîãðåøíîñòü ðåêîíñòðóêöèè íå ïðåâîñõîäèò 10%,
à â ñëó÷àå èäåíòèèêàöèè õàðàêòåðèñòèê ñ áîëüøèì èçìåíåíèåì â îêðåñòíîñòè
öåíòðà óâåëè÷èâàåòñÿ äî 20%. Íà ðèñóíêàõ ñïëîøíîé ëèíèåé èçîáðàæåí òî÷íûé
çàêîí, òî÷êàìè  âîññòàíîâëåííûé.
Íà ðèñ. 1, à ïðåäñòàâëåí ðåçóëüòàò âîññòàíîâëåíèÿ âîçðàñòàþùåé óíêöèè
k¯(z) = (0.4z + 1)6 , õàðàêòåðèçóþùåé êîýèöèåíò òåïëîïðîâîäíîñòè öèëèíäðà.
Íà÷àëüíîå ïðèáëèæåíèå k¯0(z) = 1.1 + 5.8z . Ïîòðåáîâàëîñü 3 èòåðàöèè. Ïîãðåø-
íîñòü âîññòàíîâëåíèÿ íà ïîñëåäíåé èòåðàöèè íå ïðåâûñèëà 2%. Íà ðèñ. 1, á èçîá-
ðàæåí ðåçóëüòàò ðåêîíñòðóêöèè óáûâàþùåé óíêöèè ρ¯(z) = 3 − ln(1 + 5z) , õà-
ðàêòåðèçóþùåé ïëîòíîñòü öèëèíäðà. Íà÷àëüíîå ïðèáëèæåíèå ρ¯0(z) = 3 − 1.8z .
Ïîòðåáîâàëîñü 4 èòåðàöèè. Ïîãðåøíîñòü âîññòàíîâëåíèÿ íà ïîñëåäíåé èòåðàöèè
íå ïðåâûñèëà 1%. Íà ðèñ. 2, à ïðåäñòàâëåí ðåçóëüòàò âîññòàíîâëåíèÿ íåìîíîòîí-
íîé óíêöèè E¯(z) = 2− 0.6sin(piz) , õàðàêòåðèçóþùåé ìîäóëü Þíãà ñòåðæíÿ. Íà-
÷àëüíîå ïðèáëèæåíèå E¯0(z) = 1.9− 0.4z . Ïîòðåáîâàëîñü 8 èòåðàöèé. Ïîãðåøíîñòü
âîññòàíîâëåíèÿ íà ïîñëåäíåé èòåðàöèè íå ïðåâûñèëà 5%. Íà ðèñ. 2, á èçîáðàæåí ðå-
çóëüòàò ðåêîíñòðóêöèè áûñòðîèçìåíÿþùåéñÿ â îêðåñòíîñòè öåíòðà ñòåðæíÿ óíê-
öèè c¯(z) = 0.8 + e−100(z−0.5)
2
. Íà÷àëüíîå ïðèáëèæåíèå c¯0(z) = 1.3 . Ïîòðåáîâàëîñü
12 èòåðàöèé. Ïîãðåøíîñòü âîññòàíîâëåíèÿ íà ïîñëåäíåé èòåðàöèè íå ïðåâûñèëà
15%.
à) á)
èñ. 1. åêîíñòðóêöèÿ õàðàêòåðèñòèê öèëèíäðà: à) k¯(z) = (0.4z + 1)6 ; á)
ρ¯(z) = 3− ln(1 + 5z) .
àáîòà âûïîëíåíà â ðàìêàõ ïðîåêòà Ìèíîáðíàóêè  9.665.2014/K íà âûïîëíå-
íèå íàó÷íî-èññëåäîâàòåëüñêîé ðàáîòû â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî
çàäàíèÿ â ñåðå íàó÷íîé äåÿòåëüíîñòè è ïðè ïîääåðæêå Ïðîãðàììû óíäàìåí-
òàëüíûõ èññëåäîâàíèé ïî ñòðàòåãè÷åñêèì íàïðàâëåíèÿì ðàçâèòèÿ íàóêè Ïðåçè-
äèóìà ÀÍ  1 "Ôóíäàìåíòàëüíûå ïðîáëåìû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ".
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à) á)
èñ. 2. åêîíñòðóêöèÿ õàðàêòåðèñòèê ñòåðæíÿ: à) E¯(z) = 2− 0.6 sin(piz) ; á)
c¯(z) = 0.8 + e−100(z−0.5)
2
.
Summary
A.O. Vatulyan, S.A. Nesterov. The oeient inverse problem for thermoelasti FGM.
Currently, various tehniques are widely implemented Funtionally graded materials (FGM).
FGM-heterogeneous materials that optimize omplex designs. The eetiveness of suh
materials depends on the exat knowledge of the laws of heterogeneity. Previously, the authors
have proposed an approah for the solution of oeient inverse problems of thermoelastiity
for a rod. In this paper, this approah is extended to the solution of the problem for the ylinder.
The diret problem for a ylinder solved based on the joint use of the Laplae transform and
the method of adjustment. For solving the inverse problem on the basis of reiproity obtained
operator ratio establishes the relationship between the desired and measured harateristis.
Conduted omputational experiments and presents their analysis.
Key words:funtionally graded materials, the inverse problem, thermoelastiity,
rod, ylinder
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